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Abstract
This paper studies the testable implications of consumption-based asset pricing models with
incomplete markets when idiosyncratic income shocks are permanent. It is shown that the the-
ory places no testable restrictions (beyond absence of arbitrage) on either the macroeconomic
data or the ﬁrst N moments of the cross-sectional distribution of consumption growth even if the
one-period utility function (degree of risk aversion) is known. More precisely, this paper shows
that any “observed” joint process of aggregate consumption, arbitrage-free asset returns, and N
moments of the cross-sectional distribution of consumption growth is an equilibrium outcome for
some pure discount factor and some process of individual income. The proof is based on the con-
struction of a personal-disaster process (process of extreme idiosyncratic events) which allows for
arbitrary variations in idiosyncratic risk without affecting the ﬁrst N moments of the cross-sectional
distribution of consumption growth.
© 2003 Published by Elsevier B.V.
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1. Introduction
This paper studies the testable implications of asset pricing models with incomplete
markets. The analysis is based on an inﬁnite-horizon, one-good exchange economy with
ex-ante identical, inﬁnitely-lived agents who have CRRA-preferences and face uninsurable
idiosyncratic income (endowment) risk. The paper shows that any “observed” joint process
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ofaggregateconsumption,arbitrage-freeassetreturns,andNmomentsofthecross-sectional
distributionofconsumptiongrowthisanequilibriumoutcomeforsomepurediscountfactor
and some process of individual income. Thus, without further distributional assumptions,
the basic consumption-based asset pricing model imposes no testable restrictions (beyond
absence of arbitrage) on the joint behavior of aggregate and cross-sectional data even if the
degree of risk aversion is known.
The proof of the main result proceeds in three steps. First, it is shown that if idiosyncratic
income shocks are permanent, then there exists an equilibrium in which agents do not trade
any assets with payoffs that only depend on aggregate shocks. In particular, agents will
not use borrowing and lending (trading of the risk-free asset) to smooth out idiosyncratic
income shocks. From an economic point of view, this step shows which income shocks
are important for understanding equilibrium consumption and asset returns. The second
step uses this no-trade result to show by construction that any joint process of aggregate
consumption and arbitrage-free asset returns is an equilibrium outcome for some pure
discount factor and some individual income process. This step heavily relies on the fact that
the Euler equations can be made to hold for any joint process of aggregate consumption
and arbitrage-free asset return if idiosyncratic risk varies with the aggregate state in the
appropriate way. Finally, it is shown that the variation in idiosyncratic risk that is required
to satisfy the Euler equations can achieved for arbitrary cross-sectional moments if one
allows for extreme idiosyncratic events that have a very small probability of occurrence
(personal disasters).
This paper is closely related to the macroeconomic literature on asset pricing. Previous
work in this literature has revealed that the basic version of the consumption-based asset
pricing model (Lucas, 1978) has encountered several empirical difﬁculties.1 However, in a
highly inﬂuential paper, Constantinides and Dufﬁe (1996) have shown that the combination
of market incompleteness and permanent income shocks can go a long way towards recon-
ciling the theory with the data. More precisely, Constantinides and Dufﬁe (1996) prove that
anyjointprocessofaggregateconsumptionandarbitrage-freeassetreturnsisanequilibrium
outcome, and in this sense the theory places no restrictions on macroeconomic data. How-
ever, within the lognormal-distribution framework employed by Constantinides and Dufﬁe
(1996), there is a strong relationship between asset returns and the second moments of the
cross-sectional distribution of consumption growth. In contrast, this paper shows that once
we move beyond the assumption of lognormally distributed random variables, the theory
places no restrictions on the joint behavior of asset returns and second (higher) moments
of the cross-sectional distribution of consumption growth.2 This result seems particularly
important in light of recent empirical work that rejects these second moment restrictions
for moderate degrees of relative risk aversion (Brav et al., 2002; Cogley, 2002).
Another strand of the literature has investigated the observable restrictions of general
equilibrium models with multiple goods in static (Brown and Matzkin, 1996; Chiappori
et al., 2002) and dynamic settings (Kubler, 2003). This literature has usually assumed that
1 See, for example, Constantinides (2002) for a recent survey.
2 There is an additional difference between this paper and Constantinides and Dufﬁe (1996), namely that in this
paper the pure discount factor is a free variable. Hence, the pricing kernel condition derived in Constantinides and
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preferences are unobservable. In contrast, this paper assumes that the one-period utility
function is known, and shows that even in this case the theory places no testable restrictions
on the joint behavior of equilibrium consumption and asset returns if attention is conﬁned
to ﬁnite-moment analysis. This somewhat surprising result is mainly driven by the assump-
tion that there is at least one source of uninsurable idiosyncratic risk that can be varied
independently of asset payoffs.
Atthisstage,ageneralcommentaboutmodelingstrategyisinorder.Thispaperonlycon-
siders permanent idiosyncratic income shocks and the resulting no-trade equilibria in order
to render the analysis as transparent as possible. In a certain sense, an incomplete-markets
model without trade preserves the simplicity and tractability of the complete-markets
(representative-agent) model, but avoids some of the counterfactual asset return implica-
tions of its complete-markets counterpart. On the other hand, a model with only permanent
idiosyncratic income shocks and no trade is clearly at odds with the fact that people re-
ceive temporary income shocks and trade assets. This, however, is not necessarily a severe
shortcoming of the theory if the analysis is only concerned with asset price behavior, since
the previous literature has shown that temporary income shocks have only small effects
on equilibrium asset prices (but substantial effects on asset trade).3 Hence, from the point
of view of asset pricing theory, it might be entirely appropriate to focus attention on the
permanent (and uninsured) component of idiosyncratic income shocks and the resulting
no-trade equilibria.
2. Model
2.1. Economy
We consider a discrete-time, inﬁnite-horizon exchange economy populated by ex-ante
identical, inﬁnitely lived households. Time is indexed by t and individual households are
indexed by i. The main body of this paper deals with an arbitrary but ﬁnite number of
households, I. Proposition 3 then shows that an appropriate version of the law of large
numbers applies when we consider the limit I →∞ .
Information and uncertainty are modeled as follows. A complete description of the state
of the economy in period t is given by a vector (s1t,...,s It,S t), where we interpret sit as
a household-speciﬁc (idiosyncratic) shock and St as an economy-wide (aggregate) shock.
We assume that St is an element of a time-independent set and that sit is an element of a
time- and household-independent set. The formal arguments assume that these two sets are
ﬁnite. We denote the vector of idiosyncratic shocks in period t by st = (s1t,...,s It).A
(partial) history of idiosyncratic and aggregate shocks is denoted by st = (s0,...,s t) and
St = (S0,...,S t), respectively. Clearly, the (ordered) set of all histories deﬁnes an event
tree with date-events (nodes) (st, St). Throughout the analysis, we ﬁx this event tree. We
assume that all households observe (st, St) at time t, but all results still hold if agent only
observes (st
i,St).
3 See, for example, Telmer (1993) and Heaton and Lucas (1996) for quantitative work and Levine and Zame
(2001) for a theoretical argument.194 T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206
Households have common prior beliefs so that the probability of the date-event (st, St),
denotedbyπ(st,St),isthesameforallhouseholds.Forsimplicity,weassume π(st,St)>0
foralldate-events(st,St).Wemaketwofurtherassumptionsontheseprobabilities.First,past
idiosyncratic shocks have no predictive power: π(st+1,...,s t+n,S t+1,...,S t+n|st,St) =
π(st+1,...,s t+n,S t+1,...,S t+n|St), where the symbol π(A|B) stands for the probability
thatAgivenB.Thisassumptionimpliesπ(st+1,...,s t+n|St+n) = π(st+1|St+n)π(st+2|St+n)
···π(st+n|St+n).4 Second,theconditionalprobabilitydistributionofidiosyncraticshocksis
symmetric with respect to households: π(...,s i,t+m,...,s j,t+m,...|St+n) =
π(...,s j,t+m,...,s i,t+m,...|St+n) for all m ≤ n and i, j. The last assumption implies
that the marginal distributions, πi(si,t+m|St+n) ˙ =
 
s−i,t+m π(st+m|St+n), are the same for
all households i = 1,...,I. In the special case in which the state process is Markov with
transitionprobabilitiesπ(st+1,S t+1|st,S t),thetwoassumptionsreadπ(st+1,S t+1|st,S t) =
π(st+1,S t+1|St) and π(...,s i,t+1,...s j,t+1,...,S t+1|St) = π(...,s j,t+1,...,s i,t+1,...,
St+1|St).
Economic variables at t time are deﬁned by functions of the following type: {ft}∞
t=0,
ft = ft(st,St) or {Ft}∞
t=0, Ft = Ft(St).5 Any function ft,o rFt, deﬁnes a random variable
inthecanonicalway.Forthisrandomvariable,wedenotetheunconditionalexpectationsby
E[ft] =
 
(st,St) π(st,St)ft(st,St) and the conditional expectations by E[ft+n|st,St] =  
(st+n,St+n)∈D(st,St) π(st+n,St+n|st,St)ft+n(st+n,St+n), where D(st+n,St+n) is the set of
all nodes (st+n,St+n) succeeding (st, St).
There is one good whose price is normalized to one. There are j = 1,...,Jlong-lived
(inﬁnitely-lived) assets in positive net-supply (equity) and k = 1,...,Kshort-lived (one-
period lived) securities in zero net-supply (bonds).6 The payoff process of equity (divi-
dend process) is deﬁned by a sequence of functions {Dt}∞
t=0, Dt = (D1t,...,D Jt), Dt =
Dt(St). The payoff process of bonds is deﬁned by a sequence of functions {At}∞
t=0, At =
(A1t,...,A Kt), At = At(St). We assume that asset payoffs are non-negative and have
bounded growth rates, but allow for the possibility that for some histories the correspond-
ing dividend sequences are unbounded.
Households have identical preferences over stochastic consumption processes, {cit}∞
t=0,
which allow for a time-additive expected utility representation with power utility function
(CRRA-preferences)
U({cit}∞
t=0) = lim
T→∞
E
  T  
t=0
βt c
1−γ
it − 1
1 − γ
 
, (1)
where β ∈ (0,1) denotes the common pure (subjective) discount factor and γ>0 the
degree of relative risk aversion (for γ = 1 we assume that the one-period utility function in
(1) is logarithmic).
Householdihasθi0 unitsofinitialequityendowmentandnoinitialbondendowment.We
normalize the number of outstanding shares per capita to one: 1/I
 
i θi0 = 1. Household
4 Consider the case n = 2. We have π(st+1,s t+2|St+2) = π(st+2|st+1,St+2)π(st+1|St+2) = π(st+2|St+2)
π(st+1|St+2). The proof for the case n>2 uses induction and the preceding argument.
5 The notation Ft = Ft(St) is shorthand for Ft : St → Rn, ,F t = Ft(St).
6 Introducing T-period bonds is straightforward, but omitted here to streamline the notation.T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206 195
i’s endowment of the consumption good is described by an individual endowment process
{eit}∞
t=0, which will be called the labor income process. Introduce total income (labor plus
capital income) before trade as yit = eit + θi0Dt. We make the following assumptions on
{yit}∞
t=0:theinitiallevelisstrictlypositive,yi0 > 0,andgrowthrates,gi,t+1 ˙ =(yi,t+1/yit)−1,
satisfy gi,t+1 = gt+1(Si,t+1,St+1) and gi,t+1 ≥ 1 −   for some  >0. Notice that {yit}∞
t=0
is bounded away from zero because {git}∞
t=0 is assumed to be bounded away from −1. We
allow for the possibility of income processes, {yit}∞
t=0, that are unbounded from above, but
assume that for cit = yit expected lifetime utility (1) is ﬁnite. Given {Dt}∞
t=0, Dt = Dt(St),
yi0 and {git}∞
t=0, git = g(sit,St), the goods endowment process {eit}∞
t=0 is deﬁned by
∀t : ei,t+1 = (1 + gi,t+1)(eit + Dtθi0) − Dt+1θi0, (2)
and an initial value ei0.7
Thetermlaborincomeforeit mightbemisleadingsinceeit shouldincludealltransferpay-
ments (unemployment beneﬁts, social security payments) and the return to all non-tradable
assets, which in the case of an entrepreneur running a “family-business” also includes a
proﬁtcomponent(proprietaryincome).Noticealsothatitfollowsimmediatelyfrom(2)that
if ei0 ≥− D0θi0, then eit ≥− D0θi0 for all t. Thus, we can ensure that eit is bounded from
below, but without additional assumptions negative values for eit are possible. A negative
value of eit can be economically meaningful if we use a very broad interpretation of eit
including payments to be made (bankruptcy).8 Notice also that equilibrium consumption
is always strictly positive because cit = yit (Proposition 1) and yit > 0 (above assump-
tions). Of course, if we place restrictions on gi,t+1 in addition to gi,t+1 > −1 (for example,
gi,t+1 ≥ 0), then we can also ensure that eit ≥ 0.
The stochastic structure of the individual income process implies that conditional on
(st,St+n)theincomegrowthratesg1,t+n,...,g I,t+n areidenticallydistributed,eventhough
the distribution function may depend on St+n. This dependence of the distribution of indi-
vidual income growth rates on the aggregate state is essential for the proof of Proposition 2.
This proof is based on the following special case:
yi,t+1
yit
= 1 + gi,t+1 = (1 + g1i,t+1)(1 + g2i,t+1)(1 + Gt+1), (3)
where g1i,t+1 = g1,t+1(s1i,t+1,St+1), g2i,t+1 = g2,t+1(s2i,t+1,St+1), and Gt+1 = Gt+1
(St+1) with si,t+1 = (s1i,t+1,s 2i,t+1). To ensure gi,t+1 > −1, we assume g1i,t+1 > −1,
g2i,t+1 > −1, and Gt+1 > −1. The ﬁrst component of the income process (3), g1i,t+1,i s
assumed to be a random variable that has a conditional mean of zero, E[g1i,t+1|St+1] = 0.
7 The notation ∀t is shorthand for the following statement: for any period t = 0,1,...,and any date-event
(st, St).
8 If the household ﬁles for personal bankruptcy under chapter 7, non-exempt assets are liquidated. If these assets
are non-traded, this would correspond to a reduction in eit, which includes the return to these non-traded assets. If
theliquidatedassetsaretradedassets,thenbankruptcywouldintroduceaindividual-speciﬁccomponenttopayoffs
of tradable assets, something not explicitly modeled in this paper. If the household ﬁles for personal bankruptcy
under chapter 13, a 3–5 years payment plan is designed which could result in negative values for eit. Notice that
a negative labor income realization is also a positive probability event in the model discussed by Constantinides
and Dufﬁe (1996).196 T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206
This component can be used to match any “observed” process of higher moments of indi-
vidual income (consumption) growth. The second component, g2i,t+1, deﬁnes the personal
disaster process. That is, it is a random variable with two possible realizations, −η(St+1)
and (p(St+1)/(1−p(St+1)))η(St+1), that occur with probability p(St+1) and 1−p(St+1),
respectively. The event g2i,t+1 =− η is interpreted as personal disaster. Notice that by con-
structionthisrandomvariablealsohasaconditionalmeanofzeroE[g2i,t+1|St+1] = 0.Thus,
wehaveE[(1+g1i,t+1)(1+g2i,t+1)|St+1] = E[(1+g1i,t+1)|St+1]E[(1+g2i,t+1)|St+1] = 1,
which implies that E[(1 + gi,t+1)|St+1] = 1 + Gt+1(St+1). That is, the random variable
Gt+1 is the aggregate per capita income (consumption) growth rate if the number of agents
is large and a law of large numbers holds (Proposition 3).
The model discussed by Constantinides and Dufﬁe (1996) is a special case of (3). They
assume g2i,t≡0 (no personal disaster process) and log(1+g1i,t+1) = s1i,t+1Zt+1−Z2
t+1/2,
where s1i,t+1 ∼ N(0,1) and Zt+1 = Zt+1(St+1). In other words, conditional on St+1
individual income growth, 1+gi,t+1, is lognormally distributed. Clearly, this is an example
inwhichthestatespaceisnotﬁnite.ConstantinidesandDufﬁe(1996)showbyconstruction
that for any arbitrage-free asset return process satisfying an additional inequality restriction
there is a process {Zt}∞
t=0 so that the given asset return process is an equilibrium outcome.
Their construction also shows that the process {Zt}∞
t=0 is uniquely deﬁned by the asset
return process, which means that in Constantinides and Dufﬁe (1996) there is a very tight
link between asset returns and second moments of individual income growth.
Weaddtheﬁnalassumptionthatdividendsdonotgrow“toofast”.Moreprecisely,deﬁne
equity prices at the no-trade allocation as
∀t : ¯ Pt ˙ = lim
T→∞
E
  T  
n=1
βn
 
yi,t+n
yit
 −γ
Dt+n|St
 
. (4)
Deﬁnition (4) is sensible because the right-hand-side of (4) is independent of i.T os e e
this, notice that
E
 
βn
 
yi,t+n
yit
 −γ
Dt+n|St
 
=E
 
βnDt+n
n  
m=1
(1 + gi,t+m)−γ|St
 
=E
 
βnDt+nE
  n  
m=1
(1 + gi,t+m)−γ|St+n
  
 
 
 
 
St
 
,
(5)
where the last line follows from the law of iterated expectations in conjunction with
the assumption that dividends only depend on aggregate states Dt+n = Dt+n(St+n).
The expression E[·|St+n] in (5) is household-independent since conditional on St+n the
random variables g1,t+m,...,g I,t+m are identically distributed for any m ≤ n. Hence,
the entire expression (5) is household-independent. The assumption made in this paper
is that
∀t : lim
T→∞
E
 
βT(yi,t+T)−γ ¯ Pt+T|St 
= 0, (6)T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206 197
where ¯ Pt+T in (6) is deﬁned by the exogenous dividend and income process using (4).
Clearly, condition (6) is satisﬁed if dividend payments are bounded. If (6) holds, then
the transversality condition holds for cit = yit, ensuring that Euler equations are not
only necessary but also sufﬁcient for utility maximization (proof of Proposition 1). The
transversality-like condition (6) is the analog of CD’s transversality-like condition on the
pricing kernel (Eq. (5) in CD).
2.2. Equilibrium
In each period, households have the opportunity to trade stocks and bonds in competitive
markets. There are no transaction costs. Moreover, we conﬁne attention to trading plans
which are bounded from below (limited short-sales and borrowing) as a simple means of
ruling out Ponzi-schemes (inﬁnite postponement of the repayment of debt). In equilibrium,
theseconstraintswillneverbind.Ifwedenotebondandequitypricesinperiodtby(Qt,P t)
and beginning of period (before trade) bond and equity holdings of agent in period t by
(bit,θ it), the sequential budget constraint of agent i reads:
∀t : cit + Qtbi,t+1 + Pt(θi,t+1 − θit) = eit + Atbit + Dtθit (bi0,θ i0) given. (7)
Budget constraint (7) simply says that for each household consumption plus saving (in-
vestmentintradedassets)mustbeequaltoincome(laborincomepluscapitalincome).Inour
search for equilibria, we conﬁne attention to asset price processes, {Qt,P t}∞
t=0, for which
asset prices only depend on the history of aggregate states: Qt = Qt(St), Pt = Pt(St).
When household i chooses consumption cit and portfolio holdings (bi,t+1,θ i,t+1)i np e -
riod t, he uses the available information (st,St), that is, household i chooses a sequences
of functions, {cit,b it,θ it}∞
t=0, with cit = cit(st,St), bi,t+1 = bi,t+1(st,St), and θi,t+1 =
θi,t+1(st,St).
We adopt the standard notion of equilibrium in a sequential economy with competitive
markets and fulﬁlled (rational) expectations (Radner, 1972; Lucas, 1978):
Deﬁnition. For a given economy  β,γ,{y1t,...,y It}∞
t=0,{At}∞
t=0,{Dt}∞
t=0 , a sequential
market equilibrium (SME) is an asset price process, {Qt,P t}∞
t=0, and a list of consump-
tion/portfolio plans, {cit,b it,θ it}∞
t=0, i = 1,...,I, such that:
(i) householdsmaximize:foranyhouseholdi,theplan{cit,b it,θ it}∞
t=0 maximizesexpected
life-time utility (1) subject to the budget constraint (7);
(ii) markets clear:9
∀t :
1
I
I  
i=1
bit = 0,
1
I
I  
i=1
θit = 1,
1
I
I  
i=1
cit =
1
I
I  
i=1
yit,
where we have yit = eit + Dtθi0.
9 Because of Walras’ law, asset market clearing implies goods market clearing.198 T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206
3. Results
The ﬁrst proposition shows that for the class of individual income processes consid-
ered here, no-trade is always an equilibrium. Intuitively, households do not use asset trade
(borrowing and lending) to smooth out permanent income ﬂuctuations.
Proposition 1. The following is a SME.
(i) No-trade allocation:
∀i, ∀t : cit = yit,b it = 0,θ it = 1.
(ii) Asset prices:
∀t : Qt = E
 
β
 
yi,t+1
yit
 −γ
At+1|St
 
,
∀t : Pt = lim
T→∞
E
  T  
n=1
βn
 
yi,t+n
yit
 −γ
Dt+n|St
 
.
Proof. Notice ﬁrst that the above expression for asset prices makes sense since the right-
hand-sideisindependentofi.AsinEq.(4),thisfollowsfromourassumptionthatindividual
income growth rates are identically distributed conditional on the aggregate history (see
Eq. (5)). Evidently, markets clear. Hence, it sufﬁces to show that no-trade is an optimal plan
for any household i. Clearly, this plan is budget-feasible (it satisﬁes the budget constraint
(7)). To show the optimality of the no-trade plan, we will show that it satisﬁes the stochastic
Euler equations and the transversality condition.10
Notice ﬁrst that the stochastic Euler equations read
∀t : Qt = E
 
β
 
ci,t+1
cit
 −γ
At+1|st,St
 
;
∀t : Pt = E
 
β
 
ci,t+1
cit
 −γ
(Dt+1 + Pt+1)|st,St
 
. (8)
The Euler equations (8) for bond trading are satisﬁed at cit = yit because of the con-
struction of equilibrium bond prices Qt and the fact that for any random variable At+1 =
At+1(St+1) we have
E
 
β
 
yi,t+1
yit
 −γ
At+1|st,St
 
= E
 
β
 
yi,t+1
yit
 −γ
At+1|St
 
, (9)
10 For a simple proof of the sufﬁciency of Euler equations and transversality condition in the deterministic
case, see Stokey et al. (1989). If the state space is ﬁnite, the extension of their proof to the uncertainty case is
straightforward. Stokey and Lucas impose a non-negativity condition on the choice variables, but boundedness
from below sufﬁces as long as the marginal utility of consumption at the optimal plan is bounded.T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206 199
which follows from the unpredictability of future idiosyncratic income shocks. Observing
that the present value representation of equity prices implies
∀t : Pt = E
 
β
 
yi,t+1
yit
 −γ
(Dt+1 + Pt+1)|St
 
, (10)
an analogous argument shows that the Euler equations for equity trading are satisﬁed at
cit = yit.
Finally, the transversality condition for household i reads:
∀t : lim
T→∞
E
 
βT(yi,t+T)−γ(Pt+Tθiθ)|st,St 
= 0. (11)
Since future idiosyncratic income shocks are unpredictable, (11) becomes
∀t : lim
T→∞
E
 
βT(yi,t+T)−γ(Pt+T ¯ θi)|St 
= 0. (12)
Condition (12), however, is immediately implied by assumption (6) using Pt+T = ¯ Pt+T.
This completes the proof of Proposition 1. 
The next proposition shows that consumption-based asset pricing theory is consistent
with a very broad range of observations. In the following proposition, we assume that we
have “observed”11 a joint process of asset prices and payoffs, {Qt,P t}∞
t=0 and {At,D t}∞
t=0,
per capita consumption (income), {Ct}∞
t=0, and moments of the distribution of individual
consumption (income) growth, {Xt}∞
t=0, Xt = (X1t,...,X Nt). In terms of the income
process (3), which is the one used to prove the next proposition, the real number Xnt(St)
is the n-th conditional moment of the ﬁrst component of the consumption (income) growth
process: Xnt(St) = E[gn
1it(sit,St)|St] and X1t(St) = E[g1it(sit,St)|St] = 0.
In the following, we assume that for each moment vector (X1,...,X N) ∈ RN that is
attained by the moment process {Xt}∞
t=0 there exists a discrete random variable, g, with
moments equal to (X1,...,X N). That is, we require the existence of a probability vector,
(π1,...,π s) ∈ Rs
+, and a vector of growth rate realizations, (1 + g1,...,1 + gs) ∈ Rs
++,
solving the following equations system









1 ··· 1
g1 ··· gs
g2
1 ··· g2
s
. . . ···
. . .
gN
1 ··· gN
s
















π1
π2
. . .
πs







=









1
X1
X2
. . .
XN









. (13)
Clearly, (13) can only have a solution if the number, s, of possible idiosyncratic shocks
is sufﬁciently large (with two possible realizations we can at most satisfy two moment
conditions). Notice that (13) has a positive solution (π1,...,π s) ∈ Rs
+ if and only if
the coefﬁcient matrix in (13) and the vector of moment restrictions are “arbitrage-free”.
11 Moreprecisely,wehavealistofobservationsandusesomeeconometrictechniquetoestimateacorresponding
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Note further that the problem (13) is similar to the problem of ﬁnding a stationary sunspot
equilibriumwithﬁnitestatespace(ChiapporiandGuesnerie,1991).Inthispaper,weassume
that the “observed” moment process, {Xt}∞
t=0, can be rationalized in the sense that for each
attained moment vector, (X1,...,X N) ∈ RN, there is a random variable, g, so that (13)
holds.
We also assume that the process of asset prices and payoffs, {Qt,P t}∞
t=0 and {At,D t}∞
t=0,
is arbitrage-free since this is a necessary condition for an equilibrium to exist. If there are
no bubbles, then the absence of arbitrage implies the existence of a strictly positive pricing
kernel,{Mt}∞
t=0,Mt = Mt(St)>0,suchthatassetpricescanberepresentedastheexpected
present discounted value of future asset payoffs. Santos and Woodford (1997) show that
with ﬁnite aggregate endowment, there can be no bubbles on long-lived assets in positive
net supply. Following Constantinides and Dufﬁe (1996), we further assume that the pricing
kernel satisﬁes the transversality-like condition limt→∞Mt = 0.
Proposition 2. Suppose we “observe” a process of asset payoffs, {At,D t}∞
t=0, asset prices,
{Qt,P t}∞
t=0, per capita consumption (income), {Ct}∞
t=0, and moments of the cross-sectional
distribution of consumption (income) growth, {Xt}∞
t=0. Assume that At = At(St), Dt =
Dt(St), Qt = Qt(St), Pt = Pt(St), Ct = Ct(St), Xt = Xt(St). Suppose also that asset
payoffs and prices are arbitrage-free, that is, there is a pricing-kernel process, {Mt}∞
t=0,
Mt = Mt(St), such that
∀t : Qt = E
 
Mt+1
Mt
At|St
 
,
∀t : Pt = lim
T→∞
E
  T  
n=1
Mt+n
Mt
Dt+n|St
 
.
Fix arbitrarily the risk-aversion parameter, γ. Then there exists a pure discount factor β and
a family of individual income processes, {yit}∞
t=0, resulting in a (no-trade) equilibrium with
the following properties. The equilibrium asset price process is equal to the “observed”
asset prices process; the equilibrium process of individual consumption is consistent with
the “observed” process of per capita consumption in the sense that
∀t : E
 
cit|St 
= Ct,
and the equilibrium moment process of individual consumption growth matches the
“observed” moment process.12
∀t,∀n :
 
 
 
 E
  
ci,t+1
cit
−
Ct+1
Ct
 n 
 
 
 St+1
 
− Xn,t+1
 
 
 
  <  .
Proof. See Appendix A. 
12 Note that this implies E
 
1/I
 
i cit|St 
= Ct. For a ﬁnite I, however, we can still have 1/I
 
i cit  = Ct with
positive probability. In Proposition 3, we show that a law of large numbers applies so that limI→∞1/I
 
i cit = Ct
almost surely. A similar remark applies to 1/I
 
i ((ci,t+1/cit) − (Ct+1/Ct))n.T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206 201
Suppose we set all higher moments to zero in Proposition 2, Xnt≡0, that is, we consider
an economy for which individual income (consumption) growth is arbitrarily close to ag-
gregate per capita consumption growth. Put differently, we consider an incomplete-markets
economy with individual consumption growth indistinguishable from consumption growth
in the corresponding complete-market economy. Despite the closeness of the consump-
tion path in the two economies, Proposition 2 says that asset prices and returns can differ
dramatically!
Proposition 2 states that consumption-based asset pricing theory imposes no testable
restrictions on aggregate data and the moments of the cross-sectional distribution of con-
sumption and income. There is, however, still the possibility that the theory imposes re-
strictions on individual portfolio choices. The following corollary to Proposition 2 shows
that this is not the case. Since the corollary deals with the general case of trade, income
and consumption are not necessarily equal anymore. We state the proposition in terms of
given (“observed”) portfolio and consumption choices, but similar results also hold when
portfolio choices and income are taken as given. Clearly, we cannot arbitrarily ﬁx portfo-
lio choices, consumption choices, and (individual) income because the budget constraint
requires that consumption plus savings equals income.
Corollary. Suppose we “observe” a process of asset payoffs, {At,D t}∞
t=0, asset prices,
{Qt,P t}∞
t=0, per capita consumption (income), {Ct}∞
t=0, and moments of the cross-sectional
distributionofconsumption(income)growth,{Xt}∞
t=0,aswellasindividualportfoliochoices,
{(bit,θ it)}∞
t=0,i= 1,...,I. Suppose that At = At(St), Dt = Dt(St), Qt = Qt(St), Pt =
Pt(St), Ct = Ct(St), Xt = Xt(St), and bi,t+1 = bi,t+1(st,St), θi,t+1 = θi,t+1(st,St). Sup-
pose also that asset payoffs and prices are arbitrage-free, that is, there is a pricing-kernel
process, {Mt}∞
t=0, Mt = Mt(St), such that
∀t : Qt = E
 
Mt+1
Mt
At|St
 
,
∀t : Pt = lim
T→∞
E
  T  
n=1
Mt+n
Mt
Dt+n|St
 
.
Fix arbitrarily the risk-aversion parameter, γ. Then there exists a pure discount factor β and
a family of individual income processes, {yit}∞
t=0, resulting in a (no-trade) equilibrium with
the following properties. The equilibrium asset price process is equal to the “observed”
asset prices process; the equilibrium portfolio choices are equal to the “observed” portfolio
choices;theequilibriumprocessofindividualconsumptionisconsistentwiththe“observed”
process of per capita consumption in the sense that
∀t : E
 
cit|St 
= Ct,
and the equilibrium moment process of individual consumption growth matches the
“observed” moment process
∀t,∀n :
 
 
 
 E
  
ci,t+1
cit
−
Ct+1
Ct
  
 
 
 St+1
 
− xn,t+1
 
 
 
  <  .202 T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206
Proof. Deﬁne zit = zi(st,St) as
zit ˙ =Atbit + Dtθit − Qtbi,t+1 − Pt(θi,t+1 − θit), (14)
where the right-hand-side variables in (14) are given (observed). The variable zit is simply
capital income minus saving. Let {yit}∞
t=0 be deﬁned as in the proof of Proposition 2 and
deﬁne the goods-endowment process through eit ˙ =yit − zit. The variable yit now stands for
income minus saving, or income after trade in ﬁnancial markets. With these deﬁnitions in
place, simply repeat the argument in the proof of Proposition 2. 
In Proposition 2, the individual consumption process is consistent with the given per
capita consumption process in the sense that E[cit|St] = Ct. The next proposition shows
that a law of large numbers applies. Hence, in Proposition 2 we can replace the expected
value, E[cit|St], by the limit of the cross-sectional average, limI→∞1/I
 
i cit.13 Simi-
larly, Proposition 3 justiﬁes replacing E
 
((ci,t+1/cit) − (Ct+1/Ct))|St+1 
by the limiting
cross-sectional distribution limI→∞1/I
 
i ((ci,t+1/cit) − (Ct+1/Ct))n.
Proposition 3. For any T and  >0, there exists an I (large enough) such that
∀t ≤ T :
 
 
 
 
 
1
I
I  
i=1
cit − Ct
 
 
 
 
 
<  .
Proof. See Appendix A. 
4. Conclusion
This paper showed that even with “standard” preference speciﬁcations, consumption-
based asset pricing theory imposes in general no testable restrictions on either macroeco-
nomic or cross-sectional data if attention is conﬁned to ﬁnite moment analysis. The proof
proceeded by construction: to any “observed” joint process of arbitrage-free asset prices
and payoffs, aggregate consumption, and moments of the cross-sectional distribution of
consumption growth, this paper constructed an incomplete-markets economy for which
this joint process is an equilibrium outcome.
This paper focused on the positive implications of the theory, but its normative implica-
tions are also of interest. A straightforward extension of the argument made in this paper
shows that the welfare gains from eliminating idiosyncratic risk can be arbitrarily large
regardless of the moments of the cross-sectional distribution of income and consumption
growth.14 Hence, using a mean-variance framework might underestimate the welfare gains
from risk sharing. Similarly, the mean-variance analysis is likely to understate the welfare
costs of business cycle ﬂuctuations. A quantitative analysis of these welfare issues using
the framework developed in this paper is left for future research.
13 For convenience, we state the result as a weak law of large numbers. The statement holds almost surely, that
is, for all (st, St), t ≤ T.
14 Here we need the condition that the degree of relative risk aversion is greater or equal to one.T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206 203
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Appendix A
Proof of Proposition 2. Consider an individual income process, {yit}∞
t=0, deﬁned as in
(3). Since the income process (3) satisﬁes the assumptions of Proposition 1, no-trade is an
equilibrium. Assume further that initial income is equal across households: yi0 = y0. This
implies that conditional on St, the income variables, y1t,...,y It, are identically distributed.
Since c1t = cIt, the same holds for individual consumption. Moreover, we have
E[cit] = E
  t  
n=1
(1 + g1in)(1 + g2in)(1 + Gn)ci0|St
 
=
t  
n=1
(1 + Gn)C0 = Ct,
(A.1)
becauseci0 = C0 andE[(1+g1in)(1+g2in)|St] = 1byconstruction.Hence,theindividual
consumption process is consistent with the “observed” per capita consumption process if
we choose C0 and {Gt}∞
t=0 accordingly.
Deﬁne the equilibrium pricing kernel recursively as follows:
Mt+1 =βE
  
ci,t+1
cit
 −γ 
 
 
 
 
St+1
 
Mt
=βE[((1 + g1i,t+1)(1 + g2i,t+1)(1 + Gt+1))−γ|St+1]Mt; M0 = C
−γ
0 .
(A.2)
To show that the given asset prices are equilibrium prices it sufﬁces to show that
∀t : Mt = ¯ Mt, (A.3)
where ¯ Mt is one of the pricing kernels associated with the observed, arbitrage-free process
{Qt,P t,A t,D t}∞
t=0.Withoutlossofgenerality,weset ¯ M0 = C
−γ
0 .Fix{g1it}∞
t=0 and{Gt}∞
t=0
and one part of {g2it}∞
t=0, namely the process of probabilities of personal disasters, {pt}∞
t=0,
pt = pt(St). At this stage, the choice of {pt}∞
t=0 is arbitrary except that we assume 0 <
p(St)<1. We will show that there exist a β and a process {ηt}∞
t=0, ηt = η(St), such that
(A.3) holds. To this end, it will be useful to deﬁne an equilibrium pricing kernel for an
economy without a personal disaster process,
ˆ Mt+1 = βE
 
((1 + g1i,t+1)(1 + Gt+1))−γ|St+1
 
ˆ Mt; ˆ M0 = C
−γ
0 , (A.4)204 T. Krebs/Journal of Mathematical Economics 40 (2004) 191–206
and to choose β>0 small enough such that
∀t :
ˆ Mt+1
ˆ Mt
≤
¯ Mt+1
¯ Mt
. (A.5)
Weprove(A.3)byinduction(withrespecttothetime-indext).Clearly,itholdsfort = 0.
Suppose now (A.3) holds for some t. For each St+1, deﬁne a function
f(η,St+1) ˙ =βp(St+1)E
 
((1 + g1i,t+1)(1 − η)(1 + Gt+1))−γ|St+1
 
+β(1 − p(St+1))
×E
  
(1 + g1i,t+1)
 
1 +
pt+1(St+1)
1 − pt+1(St+1)
η
 
(1 + Gt+1)
 −γ 
 
 
 
 
St+1
 
.
Clearly, (A.3) holds for t + 1 if for any St+1 there exists an η ∈ [0,1], solving
f(η,St+1) =
¯ Mt+1(St+1)
¯ Mt(St)
. (A.6)
This, however, is true because for all we have:
(i) f(0,St+1) =
ˆ Mt+1(St+1)
ˆ Mt(St) ;
(ii)
ˆ Mt+1(St+1)
ˆ Mt(St) ≤
¯ Mt+1(St+1)
¯ Mt(St) ;
(iii) f(η,St+1) is continuous and strictly increasing in η;
(iv) limη↓1 f(η,St+1) =+ ∞ .
Conditions (i) and (ii) have already been discussed. Evidently, the function is differen-
tiable,andthereforecontinuous.Strictmonotonicityfollowsfromstraightforwarddifferen-
tiation. Finally, the right-hand-side limit in (iv) goes to +∞ for any p(St+1)>0 because
for limη↓1 (a(1 − η))−γ =+ ∞ . for any a, γ>0.
It is left to show that {g1it}∞
t=0, {g2it}∞
t=0, and {Gt}∞
t=0 can be chosen such that the higher
moments of the cross-sectional distribution of consumption growth are arbitrarily close to
{Xt}∞
t=0. To see this, notice that
∀t : E
  
ci,t+1
cit
−
Ct+1
Ct
 n
|St+1
 
= E[((1 + g1i,t+1)(1 + g2i,t+1) − 1)n(1 + Gt+1)n|St+1]
= p(St+1)E[((1 + g1i,t+1)(1 − η(St+1)) − 1)n(1+Gt+1)n|St+1]+(1−p(St+1))E
×
  
(1 + g1i,t+1)
 
1 + η(St+1)
p(St+1)
1 − p(St+1)
 
− 1
 n
(1 + Gt+1)n|St+1
 
.
(A.7)
Deﬁne a sequence of stochastic processes {{ptm}∞
t=0}∞
t=0 by ptm = 1/m for all t and St.
For each m, we can repeat the above argument since the choice of {pt}∞
t=0 was arbitrary as
longaspt > 0.Hence,foreachm,thereisβm anda{ηtm}∞
t=0 suchthat,withtheexceptionofT. Krebs/Journal of Mathematical Economics 40 (2004) 191–206 205
thelastpartregardingthemomentconditions,Proposition2holds.Sinceηtm isboundedand
E[(gi1,t+1)n(1+Gt+1)n|St+1] = Xn,t+1(St+1) by assumption, it immediately follows that
theexpression(A.7)convergestoXn,t+1(St+1)whenm →∞(andthereforepm,t+1 → 0).
This completes the proof of Proposition 2. 
Proof of Proposition 3. It sufﬁces to show that for any  >0w eh a v e
∀t = 1,...,T − 1:
 
 
 
 
 
1/I
 I
i=1ci,t+1
1/I
 I
i=1cit
− (1 + Gt+1)
 
 
 
 
 
<  1. (A.8)
Deﬁne the consumption share of household i in period t as ωit ˙ =cit/
 
j cjt. Since
1/I
 I
i=1ci,t+1
1/I
 I
i=1cit
= (1 + Gt+1)
I  
i=1
(1 + g1i,t+1)(1 + g2i,t+1)ωit, (A.9)
(A.8) is satisﬁed if for any  2 we have
∀t = 1,...,T − 1:
 
 
 
 
 
1
I
I  
i=1
((1 + g1i,t+1)(g2i,t+1) − 1)ωit
 
 
 
 
 
<  2. (A.10)
Fix(st,St+1)anddeﬁne ˜ gi,t+1 ˙ =((1+g1i,t+1)(1+g2i,t+1)−1)ωit.Noticethatthevariable
˜ gi,t+1 is a random variable for ﬁxed (st,St) because it depends on the uncertain state st+1.
Choose g1i,t+1 and g2i,t+1 as independently distributed across households. Consider, for
ﬁxed (st,St+1), the sequence of random variables {˜ git}∞
t=1. This is a sequence of indepen-
dently distributed random variables with zero mean and ﬁnite variance. Hence, the law of
large numbers applies and (A.10) therefore holds. 
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